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The conditions for the existence of precessions in a system consisting of two symmetric rigid bodies in a gravitational field are
derived, on the assumption that one of the bodies is rotating uniformly about the vertical and the other is precessing about the
vertical. Regular precession of asymmetric bodies linked by a spherical hinge is considered.

A great many classes of precessional motions, in various fields of force, have been determined in the
dynamics of a single rigid body.1 In the classical problem, the characteristic properties that mark a motion
as precessional are conditions imposed on the mass distribution, such as the Lagrange, Hess and Grioli
conditions, and the requirement that the barycentric axis of the body should make a fixed angle with
the axis of precession. In the case of more general fields of force, these properties may fail to hold.
In the problem of the motion of a system of coupled rigid bodies in a gravitational field, conditions
have been derived for the existence of regular precessions of Lagrange gyroscopes [1] and semi-regular
precessions of Hess gyroscopes [2], and certain properties of precessional motions of systems of two
coupled rigid bodies in a gravitational field have been established in the case when one of the bodies
is a Lagrange or Hess gyroscope and the other is a Grioli gyroscope [3].

All the studies cited are based on conditions of a specific mass distribution in the system.

The present paper will discuss precessions of a system of two rigid bodies in a gravitational field without
any prior assumptions as to the mass distribution of the bodies. Special attention will be devoted to
cases in which one of the bodies is rotating uniformly about the vertical. It is obvious that if a body S,
is suspended in a body S, at its centre of mass, it will rotate as a free rigid body. In that case the dynamics
of the precessions of S is the same as in the classical case. This special case will not be considered
here.

The studies presented here of the dynamics of precessions in a system of two heavy non-symmetric
rigid bodies complement results previously obtained for precession with prescribed mass distributions
[1-3] and show that some of the properties established are analogous to those known to exist in the
classical problem. However, along with facts typical for the classical case, we also obtain new facts; this
is particularly true in regard to uniform motions in the system of two heavy bodies considered here.

1. FORMULATION OF THE PROBLEM

Consider the motion of a system of two rigid bodies §; and §, with the following characteristics: O,
is a fixed point of Sy; the letter O will denote a general point of either $; or S,, at which there is an
ideal spherical hinge; C; and C, denote the mass centres of §; and §,, and m; and m, denote their masses.
Then the equation of motion of the system consisting of S; and §; in a gravitational field, assuming
that there is no friction at O, and O,, are as follows [1]:

Aoy + 0 X A, +m2sx[%’—+%(w2 xez)—gv]—m,ge, xv=0 (1.1)
A, @+ 03y X Ay, +mye, X (dvy / dt —gv)=0 (12)
V=V Xw, Y=vxw, (1.3)
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For these formulae we have introduced the following notation: @, and «, are the absolute angular
velocity vectors of S; and S,, v is a unit vector indicating the direction of the force of gravity, v is the
velocity of the point O, e; = 0,C,, &; = OC,, s = 0,0, 4; and A; are the inertia tensors of §; and S,,
which are constant at the points O; and O, g is the acceleration due to gravity, and a dot and an asterisk
over a variable denotes relative derivatives in bases iy, i, i; and 3y, 3,, 3; rigidly attached to the bodies
S; and S,. The following relations are obvious

ds dv .
Vo =I=wl XS, 7;1:(», X$+ @ X(m; X8)
1.4
des g er, %o e o
dt 12 2
Equations (1.1)—(1.3) admit of first integrals
1 4 '[Alw, +A2w2 +'n2(e2 +S)XV0 +stx(0’2 xez)]=k
(Aj@; @)+ (A0, - 0,)+ mzug +2myvy - (0, Xey)—
-2m,g(e, - v)-2myg(s+e,)- v=2E, v-v=1 (1.5)
. Let
& S @ Y
o =3 p;lij, =3 pi 3y, V=XV, i, (1.6)
j=I k=1 n=1
3 3
3, =Y oi;, i =X Bpa. (=123 1=12,3) 1.7
j:] n=1

where the product of the matrices (o), (By,) is obviously equal to the identity matrix. Let O:&n{
denote a fixed frame of reference whose unit vectors are i, j, k = v. The positions of the bases of §;
and S, relative to O4En( are determined by the Euler angles 6;, ¢, ¥; and 65, 9,, W, and the matrices
(7,.5-1)), ('y,.‘(iz)), respectively, where 8; = 2 (v, i3), 8, = £(w, 3;); the position of the basis of S, relative to
S, is determined by the angles 6, ¢, y, where 8 = £ (i3 33). Then

‘yﬂ) = cos; cos Y; —cosO; sin@; sin y;
yf‘z) = cos@; sin y¥; +cosO; sin@, cosy;, ¥ = sin@; sin®,
¥5) = —sin@; cos y; —cos®; siny; cos@; (1.8)
¥4 = ~sin @, sin y; + cos; cos ¢; cos ¥, Y$) =cos @, sin®;
v$) =sin@; siny;, ) = —sin®; cos vy, 7§D =cos®;, i=1,2
where
P =P )ey)
o =CcosPcos Y —cosOsin@siny, o, =cos@siny +cosOcos ysin @
oy =sin@sin®, 0, =—sin@cosy —cosOcosPsiny 1.9
0y =—sin@sin Y +cosBcosPcosy, 0Oly; =cosPsin®

oy, =sinBsiny, o3, =-sinBcosy, 033 =cosO

For the absolute angular velocities @, and ®, we have

p\P =, sin®;sin@; +0,cosy;, ps) =, sin®; cosQ; ~0;sing;

(1.10)
ps? =W;cos0; +@;, (i=1,2)
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Let m. be the angular velocity of S, relative to ;. Then
0 =0 + 0, (1.11)
where
o, =(ysinBsin@+0cos @), +(YsinBcos ¢ —Osin P, + (W cosd+ P, (1.12)

Using (1.6)~(1.12), we can write system (1.1) and (1.2) in terms of the variables 8y, ¢,, y; and 6,
¢, y. However, this yields a rather cumbersome system of differential equations, not very suitable
for investigating the special class of precessions. In this paper, therefore, we shall adopt another
approach, based in the first instance on a basic property of precessional motions. After deriving
the conditions for such motions to exist under our assumptions, we shall then indicate the positions
of the bases of S;, S, relative to O,En{ and relative to one another, relying on the aforementioned
kinematic characteristics.

2. PRECESSIONAL MOTIONS

Suppose that each of S; and S is precessing. This means that one can find in S; and S, fixed unit
vectors a; and a,, and in the space O,Eng unit vectors y; and vy,, such that the angles between a; and
v, and a, and +y,, respectively, remain constant throughout the time of motion. This property may be
written as follows:

a -1 =a(()l)v 'Y, =a(()2), Y1 =Y X oy, '*Y2=’sz‘°2 (2.1)
We then obtain from (2.1)
W, =y (Da +0(1)y), ®; =uy(Ha, +0,(0)y, (22)

If uy(¢) and v,(¢) do not depend on time, the precession of 5, is said to be regular. When one of these
functions is constant, the precession is said to be semi-regular. If neither u,(f) nor v,(¢) is a constant,
we have the most general kind of precession. The definitions of precession for S, are analogous. In
addition, if vy, = v, we shall call the motion a precession of §; about the vertical; otherwise it will be a
precession of S| about an inclined axis. A detailed survey of the results obtained for precession in the
dynamics of a single rigid body may be found in the preprint cited above. We will merely note that in
the classical case—the motion of a body in a field of gravity—the possible cases are regular precession
of a Lagrange gyroscope, semi-regular precession of a Hess gyroscope about the vertical, and regular
precession of a Grioli gyroscope about an inclined axis. One of the characteristic properties is that the
vector a; points along the barycentric axis. In systems dynamics this property is also typical of many
precessions; we shall therefore confine our attention to precessions of this type only.

Suppose that S, is precessing and let x; be the angle between the vectors v and ;. We shall assume
that i; = a; and that 6, is the angle between the vectors vy, and i5. Then it is obvious that a((, ) = cos 0,
and 0, = 9((,1) where 6; (I is a constant. Substituting @, = u;(1)iz + vy(t)y; into the equation
for the derivatives of v and v, from (1.3) and (2.1), we obtain

¥y =1 (v X3), Y = ()@ Xiz)+0(1)(v X ¥y) (23)

Noting that v and vy, are unit vectors and stipulating that y; is the angle of precession with the axis of

precession along the vector y;, we obtain the following representations for the vectors v and vy, from
(2.3)

v, = a) sin@i, +a§y cos@yi, +aii; 24)

v =(co + bjal siny, )y, — b} sin iz — by (y, Xis)cosy, (2.5)

where ¢, is the angle of rotation of the body about an axis along the vector i, Iagl) = sin 9((, ) Cp = CO8
X1, bg = sin xy/sin 9((,) In this situation u,(¢) = ¢y, V1(f) = Yy, i.e. it follows from (2.2) that



178 1. Ye. Birman and G. V. Gorr

o, =¢,a, + Y, (2.6)

This approach enables us to express the vectors i, ¥, @, explicitly in terms of the corresponding
variables and to consider only the dynamic equations of motion of S;. The same holds for the dynamics
of precessions of S,. Note that the variable y; introduced here differs from the corresponding variable
of Section 2 only in the case of precessions about an inclined axis. We have therefore used the same
notation v, in order to avoid introducing new symbols.

In this paper we are concerned with precessions of a system of two coupled bodies S, and S, on the
assumption that both S; and S precess about the vertical, i.e. y; = y2 = v. In addition, as already
remarked, we shall assume that the vectors a; and a, point along the barycentric axes of S; and S, and
the mass centre of S is sitiated on the line-segment [0,0]. Let s = si;, €; = eyi3, €, = €233 in Egs (1.1)
and (1.2). Then, by (1.4), (2.2) and the assumptions just made, it follows from (1.1) and (1.2) that

Ay + 0 X Ay +iy X[ By (0 X3 + @y (0 “iy) - o)+

+P(60)X33 + 03,(©; 33) —0R;) -Tw]-T (i3 xv) =0 27
Ay 63+ 63, X Ay03, +33 X[ B () X i3+ 0y (@ -i3) - 0fi;) - T,v] =0 (2.8)
V=UXW@, V=VX0, 2.9)
The integrals (1.5) are

v -[A®, + Ay, +(Bay + Bji3) X (o) Xi3) + Riy X (w; X3;3)]=k, v-v=1

(2.10)
(A0, - @)+ (A0, - ;) + Py (03 X i3)* X 2P (09 Xi3)- (0, X33) =
—2Fl (i3 N v) - 2(r3i3 + r233 ) V= 2E
In all these formulae we have used the notation P; = mye,s, P, = mys?, Ty = myeg, Ty = maesg,
l"3 = mysg.
Let us assume that §; and S, are precessing about the vertical, under the above restrictions. We then
derive from (2.1) and (2.2)
iy v=a", a;-v =a((,2)

o, =4 (i + 0, (DY, 0, =u (13 +0,(H)v (2.11)
Inserting o, and w, into (2.7) and (2.8), we obtain
1ty () Ay + Dy (DAY + 1 ()0, (D[tr(A (W Xi3) ~ 2(A v X iy)] +
+i2 (£)(i5 X Ajiy) + OF (1)(¥ X Aw) +i3 X [P0, () Xi3) + ROy (1)(v X33) +
+HB (1)ald + Bui(nal? - T)v - Boj(1p3]-Ti (i xv) =0 (2.12)
iy (1) Ag3 3 + Dy (D) AgW + 1t ()0, (D[tr(Ay )V X33) ~ 2(Ay¥ X33)]+
+u2 (1)(35 X Apa3) + V3 (1)(W X Aw) +33 X [RD, (1)(¥ Xiy) +

+Pv}(0)all’ - T, )v - B (1)iy]=0 (2.13)
V= (v Xiy), ¥ =uy () X3;) (2.14)

were tr (4;) are the traces of the matrices 4; and Ay: 4, = (4;), 4, = (By)-
For the absolute derivatives of the vectors i and 3; we have, as in the case of (1.4)

di . d
f = v, ()W Xi3), % =0, (£)(V X33) (2.15)

To investigate the conditions for precessions of a system of two coupled bodies S; and S, to exist,
one has to consider special cases in which one of the bodies is spinning uniformly [3] These cases are
also of interest in themselves.
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3. THE FIRST TYPE OF MOTION OF THE SYSTEM

Suppose that S, is precessing regularly and that S, is spinning uniformly about the barycentric axis
directed along the vertical. Then by (2.11)

iy v=al", aP=1 o =nj;+myy, ©,=mp, (3.1)

that is, uy(f) = ng, V1(f) = mg, us(t) = my, Vo) = 0. Substituting these values into (2.12), (2.13) and
the first equation of (2.14), we get

nomg [tr(A; (¥ X i) — 2(Av X i3)]+ n (i3 X Aiy)+ mE (v X Ap) +

+HPymial’ — Ty =T )(i; X v) =0 (32
mg (33X Ap3) - Bmg (a3 Xiy) =0, (33)

Equation (3.4) yields a representation for v
v = af sin@,i; + a) cos @i, +aii, (3.5)

where af,ll) =1 - ao(l)z), ¢ = ngt + <p(1°). Let i3 = B313; + B323; + B332s (see (1.7)). Then, taking into
account that 4; = (B;), we deduce from Eq. (3.3) that

PmiBy ~mi*Byy =0, RmiBs —my By =0 (3.6)

Hence it follows that Bs; and Bs, are constants, and since B3; + B3, + B% = 1, Bs3 is also a constant.

Hence the vector i; is fixed in the basis of S,. Using the first equation of (2.15) and the fact that B,
B2, B33 are constants, it can be shown that mg = my, and it then follows from (3.6) that

B3y =B /A, Bsy =By /B, By =°°SO§°) =(1“(B|23+3223)/P12]%

Substituting (3.5) into Eq. (3.2) and noting that the resulting equation must be an identity in ¢, we obtain
the conditions

Ap=A;3=A3n=0, A =4n

2 0 3.7
mongAss + mial’ (Ay; — A) - Bmgag’ + T3+ =0
These formulae show that §, is a Lagrange gyroscope. Let
. B
By =af cosay, By, =afsinag, By =af’, sinog= 82(31) » €080 = l(31)
Ray, Ray,
Then the conditions on the parameters of the body may be written as
B+ B}, =(a{{R)’ (3.8)

The position of S, relative to S, is given by the first formula of (1.7), with
oy, = —al cos o, sin @, — sin oy cos @,

oy, =—ai cos g cos @, +sin oty sin @,

(o P =a((,')cosao, Oy = —a((,')sinao sin @, + cos &g cos ¢,

0y =—afV sinog cos @, —cosaysing,, 0,y =al sina,

= A1) o — (D — U
Oy =ag; SINQy, O3y =ag’ CosP;, 0Ol3y —at())

For the first type of motion the solution of Eqs (1.1)<(1.3) is
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o) =ngiz +mev, @y =My,
v= a(()ll) Sin (plil + a(()ll) cos (P]i2 + a(()l)i3, (pl = not + (pso)

The position of §; relative to the fixed system of coordinates 0.EnC is defined by the matrix
(75})), whose coomponents are given by formulae (1.8) with i = 1 and 6; = 81", ¢; = nof + 01,

Yy =mot + Y1

If one assumes that S, is also a Lagrange gyroscope, it follows from (3.8) that it must be suspended
from S; at its centre of mass. Consequently, in the general case S, cannot be symmetric about its axis
of spin. Thus, it is characteristic for the first type of motion that §; is a Lagrange gyroscope but S, is
not, and its axis of spin cannot be a principal axis of S,.

4. THE SECOND TYPE OF MOTION OF THE SYSTEM

Suppose that S, is precessing regularly and that S, is spinning uniformly about a non-barycentric axis
directed along the vertical

. 1 2 . .
iy v=al’, a¥ =1, @ =njs+mey, o, =mib 4.1)

where b # 3;, b = v. Then the equation of motion of S, by (2.13), is
mi (b X Ayb) +33 X [(Bmday’ ~T;)v — Bmgiy] =0 (42)
Let us provide S, with an intermediate basis 37, 37, 33 = b such that 3; = Y131 + 1333 . Define
iy =327 + B33 +Bi3 (4.3)
By (4.3), it follows from Eq. (4.2) that

P|Y3m§B;2 - m(')ZBga =0, YlB;Z =0
2 2 (1 2 2 (4.4)
my” By - Yl(leOa(() V- T, — BmgBi;) — RysmePs =0

Since y; # 0, it follows that B3; = 0, B3; = 0. In addition, it follows from (2.15), when conditions (4.1)-
(4.4) are satisfied, that mj = mq, B3 = al’, B3; = af’. Let v; = cos o3, 1 = sin ag. Then by (4.4)

mi By + T, cosag — Bmial sinog =0 (4.5)

If the axis of spin is a principal axis of Sy, it follows from (4.5) that tg e} = T/Pymigal)’. When conditions
(3.5), (4.1)(4.4) are satisfied, Eq. (2.12) yields the first two conditions of (3.7).

Thus, in the second type of motion S; is again a Lagrange gyroscope. The difference between this

and the first type is that S, may spin uniformly about a principal axis in S; at O, which, however, cannot

be a barycentric axis. The position of the bases of S and S, is easily determined from the relationships
indicated in Sections 3 and 4.

5. THE THIRD TYPE OF MOTION OF THE SYSTEM
Suppose that Sy is spinning uniformly about the vertical and that S, is precessing regularly

. 1 2
0, =myv, i, v=a), 3;-v=al?, o, =n{;+myy (5.1)

The vector v is fixed in S;. Denote it by a;. We may assume that a, is not the vector i;. We provide $;
with a basis i}, i3, i3 = a,, setting

iy =830} +8503, 33 =0yl +Oyly +03i; (5-2)
Analysis of Eq. (2.12) under assumptions (5.1) and (5.2) yields the conditions

8305, =0, PG853 - Ay =0
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Anmo 831 (P2m0833 + Pm(’)za((lm ;-TH)+ le(,)2(8310'33 - 8330'31 )=0 (5.3)

If 83, = 0, i.e. S is spinning uniformly about a barycentric axis, then 8;; = 1 and by (5.3)
P10y =Ap3, P10y =Ap (54)

It has been taken into account here that mg = my. This condition follows from the equation

da; / dt = my(v X234)
taking into account the fact that the gj; in (5.4) are constants. It follows from (5.4) that if the barycentric
axis of §; is a principal axis, then S is also spinning uniformly. This means that a necessary condition
for the existence of a precession of S, is that the barycentric axis should not be a principal axis of S;.

If 83 # 0 in (5.3), then 63, = 0,43; = 0. Then one can set 633 = a((,z), O3 = a((,zl), and we obtain from
Afmg — m Py83, 83 + 1184 — Rmigdyag’ =0 (5.5)

Examination of Eq. (2.13) yields the conditions

Bj;=B13=By53=0, Bj =By (5.6)
By nymy — (By, - Byy)afPalmg - a(():lz) (my RS —Ty) +
+Rm3 (033 - af? (83,03 +833053)] = (5.7)

Thus, it follows from (5.6) that S, is a Lagrange gyroscope. The conditions for this type of motion
to exist have the form (5.5) and (5.7). The solution for the third type is
=myv, O, =n;+myv
()

v= af)f) sin@Q,3; + a((,%) cos(P,3, + a(()z)33, 0, = ngt+ @,
6. THE FOURTH TYPE OF MOTION OF THE SYSTEM
Suppose that S, is performing semi-regular precession of the first type about the vertical, while S, is
spinning uniformly about b = v. We must set
o, =u (i +myy, @, =myv (6.1)
in (2.11). When this is done, Eq. (2.13) yields (4.2) and the analysis follows the same lines as in
Section 4. Noting that, as is obvious, my = m in (6.1), we deduce from Eq. (2.12) that
i, (1) Ay + 1y (D)mg [tr(A; Y(w X i3) = 2(Av X i3)]+ el (1)(i5 X Ajiy) +
+m2 (v X Ap) + (iy xv)(szoa“) -1+ P,mgaff)(i_,xv%l’]mg(i]><33)=0 (6.2)
We obtain an expansion (3.5) for the vector v, where u; = ¢,. It follows from the arguments of Section

4 that in this case v - (3; X i3) = 0.
Let us calculate the scalar product of the left-hand side of (6.2) and the vectors i; and v, respectively

@1 (Ajiz -i3) + mliy - (W X Ap)=0
(6.3)
G (Ajiy V) =20,muv - (Ap Xiy) + @7V (i3 X Ai3) =0
The first equation of (6.3) in scalar form yields

l)
Pl ()= 2A °[ (D (Ay — Ay )cos29, +2af) A, sin 20, +
33

+4Ayall) cos @y + 44308 sing, +c,] (6.4)
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where c, is an arbitrary constant.
Substituting (6.4) into the second equation of (6.3) we obtain the following conditions on the
parameters

A=Ay =0, Al =Au(A)-Ap) (6.5)

and the relation
. m .
¢ = -A—O(Anat()ll) sin @, + Ay305) (6.6)
33
Examining the projection of the left-hand side of Eq. (6.2) onto the vector i; x v, we obtain the
condition
2 2 2
Apalay” mi +af)” (Pmial -y ~T\)+ Rmgag) af”) -
—-Pml[a$? - af’(i3-33)1=0 (6.7)
Formulae (6.5)6.7) imply that this motion of a coupled system of two bodies §; and S is possible
only if S; if a Hess gyroscope, ¢, is determined by (6.6), the properties of the uniform motion of S,

are analogous to those given in Section 6, and the parameters of S; and S, satisfy condition (6.7).
Th_is result for S, is similar to the result for the classical problem of a single rigid body with a fixed

point.

7. THE DYNAMIC IMPOSSIBILITY OF SEMI-REGULAR PRECESSION
OF THE SECOND TYPE

By virtue of the analogy established in Section 6 with the classical problem of a single rigid body, it
is interesting to investigate semi-regular motions of the second type. Thus, let §; perform a semi-regular
precession of the second type and S, spin uniformly about the vertical

o, = nyiy +V()V, @, =mb, iy-v=a)), b=v 7.1)
Equation (2.13) becomes
mg2(bX Ayb) +35 X[ B0, (1)(b X i3)+ Bv?(1)al’ - T, )b~ Bv? (0)i; =0 (72)
We introduce a basis 3;*, 3,*, 33* = b in §; 5o that
33 =sinag; +cosagy, iy =al) sinua; +af) cosual +af’s, (7.3)

where u is an auxiliary variable. Let us consider the kinematics of this motion. Obviously

di . da} .o dd ¥
7:=1),(t)(vx13), —dt—'=m032, --Z"’—=—m031 (7.4)

Substituting (7.3) into the first equation of (7.4), we have
v (1)=my~u (1.5)
Equation (7.2) in scalar notation gives the equalities
sin Lo (O, (7)sinu — v} cosu)=0
mi2 By, + Pal cos 0 (0, (#)sinu - v (t)cosu) =0 (7.6)
mi2 B}y ~ Bal cos 0 (0, cosu — v} sinu)+ T, sinay =0

If sin 0y = 0 in (7.6), it follows from these relations that
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mg2 (Byy sinu+ By, cosu) - Pall0,(r) =0
7.7)

m6'2(853 sinu - 8;3 cosu)+ﬁa(()l|)i)| (n=0
When u = const, it follows from (7.3) that v,(f) = my, i.e. the precession of §; cannot be semi-regular.
Differentiating the first relationship of (7.7) along the trajectories of the second, we obtain
(Bl cosu+ By sinu)(t —20,(1) =0

The case BY; = B%; = 0 is impossible because of (7.7). Therefore u = 2v,(f) and it follows from (7.5)
that only regular precession of S is possible. Thus, in system (7.6) sin o # 0,B3; = 0 and

U, (#)sinu — 1),2 (t)cosu=0, 1),2 (1) =xysinu (7.8)
where
Ko = (m{ By + Ty sinay)/ Bal) cosa, (7.9)

Let us assume that cos a # 0. In that case it follows from the two equations of (7.8) (with the second
written as 2v,()0;(f) = xgtcos #) and from Eq. (7.5) that & = 2/amy, i.e. u is a constant. Thus, we must
assume in (7.6) that cos oy = 0, and so system (7.6) yields equalities

B =0, B,'3=—&, O, (£)sinu— v (t)cosu =0 (7.10)

4

my
Under these conditions, because of (3.5), the integrals (2.10) become
v (t)a, sin2¢, + aj} cos 2@, +2a, sin @, +2a{ cos @, +ay) +
+2, (1) Pmgal)) sinu+ny (b, sin@, + bj cos@, +by)1=2E"
(7.11)
v, (1)[(a, sin2Q, + aj} cos2Q, +a, sin @, +aj cosP, +ag) +
+P,a(()',) sinu]+ P,m{,a(()'l) sinu+ ny (b, sin @, +b{ cos@, +by) = k"
where E*, k* are new constants and

- 1)? - ()2 _ W, ()
a, =Apal) . ay=Y%(An-Aay . a) = Ajpagag;

, 1 1)? n?
aj = A23a(()”a((”), aa = A33a(() ) +y2(A” +A22)a((]|)

— At 21 _ (1) ‘_ M — (1
ag=ag+mys-ay’ , b =Apay’, b =Anay, by =Ana

Under conditions (3.5) and (7.1), projection of the left-hand side of Eq. (2.12) onto the vector i3
gives
U, (£)(by sin @ + b cos @, + by) = v (1)(ay c0s2¢, —aj sin 2@, +a, cos@, —ajsing,)  (7.12)
where @; = ny¢t + (p(lo).
We substitute (7.5) into the last equation of (7.10) and make the change z = ctg u in the resulting
equation. Then

i(1+22) - 222+ 2myzz(1+ 22 )+ miP(1+22)2 =0 (7.13)
Comparing (7.10) and (7.12), we have

2(t) = Py(@)/P\(¢1) (7.14)
By (9,) =a, cos2@, —aj;sin2Q, +a, cosY, —a; sinQ,

R(9))=bsing, +bjcosg, +b,
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We substitute (7.14) into Eq. (7.13) and require that the resulting equation be an identity with respect
to ¢;. The special case thus obtained is characterized by the conditions A;; = A3 = A3 = 0,4 =
Ag, a(,1 )=0 which, on the basis of the integrals (7.11), yield a regular precession. Excluding this case,
we see that the substitution gives a; = 0,a% = 0,b; = 0, b7 = 0, a; = 0, a] = 0. But this means that §;
is precessing regularly. We have thus proved that type of motion 5, for which the first body is performing
a semi-regular precession of the second type and the second, S, is spinning uniformly about the vertical,
is impossible.

Note that a motion in which S, is spinning uniformly about the vertical, while S, is performing semi-
regular precession, is also dynamically impossible.

8. THE CASE OF REGULAR PRECESSION

It has been shown [1] that Lagrange gyroscopes in a system of n coupled bodies admit of regular
precession. However, the research in question assumed a priori that all the bodies in the system are
Lagrange gyroscopes. We shall not make this assumption here, and we shall consider the regular
precession of two bodies S; and S, in the general case.

Let iy, iy, i3 be a basis in §; and 3,, 3,, 33 a basis in S,. In addition, set

i3 = B313;s + PBazaz + Pasas 8.1)

0 =ngiy +mgy, @, =nPy+miy, iy-v=al, 3;-v =af? (8.2)

It follows from system (2.12), (2.13), on the basis of (8.1) and (8.2) and provided that

= a(()l) sin (plll + a(()ll) cos (P]lz + a((, )l3

v =ald singy3, +ald cos 9,3, +aiPa,

for the body 5,
Ay =0, A=Ay, Asa’=0, Apal’=0

2 . . .
ng(c;cos@, —cysin@; )+ P,a((,f)mg sinusin(@, -v)=0

. (8.3)
mnyag +ng (¢, sin @, + ¢ cos @)+ mj (g sin @, + 81 C0s @y + o)+ Prag almj —
-RaPa (’,) m: ~T, a“) +Ral’mi By =0
and for the body S,
B, =0, B =By, B,3a(§2) =0, sta(()z) =0
ngt(d, cos@, - dj sin 0;)— lega((,%) sinusin(¢, —v)=0
84)

2 (1. 2) n 2
mg a((n) [a§" (By, - By3) - By3af? sing, — Byyal? cos @, ]+

+mingbg + ng* (dy sin @, + dj cos @, ) + a(') (Pal’my —T3)— Bmd (af’ - Bysal?)=0

where
= 15050l (Ayy + A ~245), b = Byyal” + (B G
80 = /20g ay; (A + Ay 1) by =Byay’ + (B +By)ay
_ — () —_ 1
= Apal), o =Anal), g =-af" As, g = ~af) Ay, d, = Bjyaf?,
df = Bpal), By =sinusinv, By, =sinucosv, Pj;=cosu

(u and v are new variables). If we assume that a' 0 = gf 0 = (), then it is obvious that sin u = 0, and therefore
Ajy; = Ay = 0 and By; = By, = 0. When oy = @ = 0, it follows from (8.3), (8.4) that By3 = By; = 0,
i.e. sin u sin (¢, — v) = 0. But this means that also 4,3 = A,; = 0. A similar conclusion is reached in
the case when a((l))— #0, a(0)¢0 Thus, in any case, both bodies are Lagrange gyroscopes. In that case
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u reduces to a constant, and it is easy to derive the final conditions for regular precessions to exist from
(8.3) and (8.4). This result complements that obtained by Kharlamov [1].
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